Abstract. In this paper we study the Rankin-Cohen type bilinear differential operators, more generally, multilinear differential operators on the space of Jacobi forms on H × C n as well as on the space of modular forms on the orthogonal group O(2, n + 2). These types of Jacobi forms have been studied by Gritsenko and Krieg.
Introduction
The theory of the classical Jacobi forms on H × C has been studied extensively by Eichler and Zagier [?] . Ziegler [?] developed a more general approach of Jacobi forms of higher degree. In [?] and [?], Gritsenko and Krieg studied Jacobi forms on H × C n and showed that these kinds of Jacobi forms naturally arise in the Jacobi Fourier expansions of all kinds of automorphic forms in several variables. Krieg[?] also considered modular forms on the orthogonal group O(2, n + 2).
On the other hand, there are many interesting connections between differential operators and the theory of elliptic modular forms and many interesting results have been explored. In particular, it has been known for sometime how to obtain an elliptic modular form from the derivatives of N elliptic modular forms, which has already been studied in detail by Rankin [?] . When N = 2, as a special case of Rankin's result in [?] , Cohen has constructed certain covariant bilinear operators which he used to obtain modular forms with interesting Fourier coefficients [?] . Later, these covariant bilinear operators were called Rankin-Cohen operators by Zagier who studied their algebraic relations [?] . Recently, the Rankin-Cohen type bracket operators on the classical Jacobi forms on H × C and Siegel forms of genus 2 have been studied using the heat operator and differential operator, respectively [?, ?, ?, ?] . In this paper we study differential operators on the space of Jacobi forms on H × C n . It generalizes the results for Jacobi forms on H × C to those on H × C n . This paper organized as follows. In section 2, we recall the definition of Jacobi forms and a heat operator. In section 3, we show how to construct Jacobi forms on H × C n using a formal power series satisfying a certain functional equation. This method has been first studied by Zagier[?] to construct elliptic modular forms from a formal power series satisfying a certain functional equation and modified to construct the classical Jacobi forms as well as Siegel forms of genus 2 in [?, ?] . In section 4, the Rankin-Cohen type of bilinear differential operators, more generally, multilinear differential operators on the space of Jacobi forms on 1991 Mathematics Subject Classification. Primary 11F03, 11F41, 11M46. The research of the first author was partially supported by BSRI 97-1431, KOSEF 971-0101-003-2 and KOSEF 98-0701-01-01-3.
H × C n have been constructed, explicitly. This is an analogue of the theory on the classical Jacobi forms on H × C, which was studied in [?, ?] , to that of Jacobi forms on H × C n . In section 5, the relation between the Rankin-Cohen operators of Jacobi forms on H × C n and those of elliptic modular forms has been stated using theta series expansion. In section 6, we also study bilinear and multilinear differential operators on the space of modular forms over the orthogonal group O(2, n + 2).
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Definitions
We follow the notations given in [?] . Let V = {0} be a real vector space of a finite dimension n with a positive definite symmetric bilinear form σ and an even lattice Λ in V , i.e., σ(λ, λ) ∈ 2Z for all λ ∈ Λ. Let Λ || := {µ ∈ V | σ(λ, µ) ∈ Z for all λ ∈ Λ} be the dual lattice of Λ with respect to σ. We denote H the complex upper half plane in C and
with a Fourier expansion of the form
The space of Jacobi forms of weight k with respect to (Λ, σ) is denoted by J k (Λ, σ). Remark 2.2. In the general case, we can choose an isomorphism of Λ with Z n and hence of
where A is a positive definite, integral and even [?] .
From Remark 2.2, we can fix the choice of lattice Λ = Z n and then write J k,A instead of J k (Λ, σ A ). Here, A is a positive definite even integral matrix associated to σ A . Then the equations (??) and (??) become
Now we define a heat operator associated to A. 
Here, A ij is the cofactor of the entry a ij of A, |A| is the determinant of A and
, is the classical heat operator.
Construction
In this section we show how to construct a Jacobi form from a formal power series satisfying a certain functional equation using a heat operator 
satisfying, for some integer k, the functional equatioñ
Sincef is periodic in each variables τ and z from the functional equation (??) and (??), χ ν (τ, z) has a Fourier expansion which is a priori of the form (??) except for the positivity condition.
We need the following Lemma to prove Theorem ??.
In general, for any nonnegative integer ν,
Proof. Let M = ( * * γ δ ) ∈ Γ and A = (a ij ). From the functional equation (??),
where
. The above computation implies that
Using (??) and by induction on ν, we obtain (??). We omit the computation. Similarly, from the functional equation (??), one can obtain
Proof of Theorem ??. The proof is analogous to that given in [?] . We introduce the operator
Then, from a direct computation using the functional equations (??) and (??), we get 
Explicitly, we havẽ
. Iterating this map ν times, we find, by induction on ν, that the composite mapJ
and composing this with the map φ(X) → φ(0) gives
We get, from (??),
Finally we note that ξ ν has an expansion of the form in (??) from (??).
If we invert the formula (??) we get
, we obtain the following Corollary.
satisfies the following functional equation :
γX γτ +δf (τ, z; X).
Linear operators
In this section we construct multilinear differential operators on J k,A using Theorem 3.1. Multilinear differential operators on the space of classical Jacobi forms on H × C, i.e., the case when n = 1, have been already studied in [?] . The main result given in this section is a generalization of Theorem 3.4 given in [?] .
For an even positive definite symmetric n × n matrix A, define
where A ij is the cofactor of the entry a ij of A.
and B = q=1 A q . Note that the summation
if ν is even and
Proof. Letf q be the formal power series associated to Jacobi form f q ∈ J kq,Aq , 1 ≤ q ≤ , in the sense of Corollary ??. And let 
,
we have
Note that χ m (τ, z) is holomorphic in H × C n and has a Fourier expansion of the form in (??). Since Lemma ?? shows
for each r ∈ Z + , we see that
Thus we can get our result by applying Theorem ?? to F Y (τ, z; X).
The case when ν is odd ; consider formal power series G j,Y (τ, z; X) defined by 
By the same reason as the previous case, we get
for all λ, λ ∈ Z n and χ m has a Fourier expansion of the form in (??). Applying Theorem ?? to G Y (τ, z; X), the result follows.
As a special case of Theorem ??, we get a Rankin-Cohen type bilinear differential operator. 
if ν is odd, where
Remark 4.4. (i) The first two cases of Corollary 4.3 are
(
ii) Bilinear differential operators on the space of elliptic modular forms have been studied in [?] and called as the Rankin-Cohen operators in [?]. (iii)
The above formula has been already studied in the case of the space of classical Jacobi forms, i.e., the case when n = 1[?].
Connection with elliptic modular forms
The correspondence between modular forms and Jacobi forms using theta series was studied by Gritsenko[?] and Krieg [?] . In this section we show the relation between the RankinCohen type bilinear differential operators on Jacobi forms on H × C n and those on elliptic modular forms. This result generalizes Theorem 4.1 given in [?] which states the case when n = 1.
In [?] , it was shown that a Jacobi form has the following theta series expansion. Any f ∈ J k,A can be written as
Note that f µ is an elliptic modular form of weight k − 
Proof. A direct computation shows that
Using these relations, one checks that
Since n k=1 a ik A jk equals to |A| if i = j and zero otherwise, the left hand side of above equation is equal to |A|L A (θ A,µ ). The result follows because A is positive definite.
which is equal to 
be the theta series expansion in the sense of (??). Then 
, and
Proof.
.
(ii) Note that A −1 and B −1 exist since A, B are positive definite. So,
Modular forms on the orthogonal group
In this section, we study bilinear differential operators on the space of modular forms over the orthogonal group. The Jacobi Fourier expansion of modular forms on the orthogonal group has been studied in [?] . First, let us recall the definition of modular forms over the orthogonal group O(2, n + 2) [?].
Let S be a positive definite even n × n matrix and consider
as well as the attached bilinear form
The domain of positivity is
and the attached half-space is
The orthogonal group
and
Let Γ S denote the subgroup of O(S 1 ; Z) generated by the matrices (6.1)
where g ∈ Z n+2 , I = I n×n and
A modular form over O(2, n + 2) is defined as follows.
We denote the space of modular forms of weight k on H S by M k (Γ S ).
Proposition 6.2. The following matrices belong to Γ S .
Proof. It is known that
So, we only check that W A ∈ Γ S ; since Γ is generated by (
Here, N e 1 is defined in (??).
The following Theorem states that a modular form on the orthogonal group possesses a Jacobi Fourier expansion. 
where e 1 = (1, 0, .., 0), e n+2 = (0, ..., 0, 1). Similarly, we have the following Lemma.
possesses a Fourier expansion and Jacobi Fourier expansion of the form
Proof. Note that 
we get
Note that φ m (τ, z) is independent of the variable z when m = 0, so D S (φ m ) = 0 if m = 0. Thus, by induction on µ, we have
Here, L * A is a normalized heat operator i.e., L * As the special case of the above Theorem, we obtain the Rankin-Cohen type bilinear differential operator for = 2.
